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ABSTRACT 

We give a probabilistic proof via coupling of an extended version of a theorem of 
Gilbarg and Serrin. 

1. Introduction 

Let 

d 0 2  d 0 
1 ~ aij(x) q- ~_j b i (x)  - -  

L ~- ~ i,j=l ~ i=l aXi 

be defined o n  R d, d _> 2. Except in the statement of  Harnack's inequality below, 

we shall always assume that the coefficients satisfy: aij E C~(Ra),  bi E C~(R a) 

and a(x)  = {ao.(x)) is positive definite for each x E R a. The main result of  this 
paper will be proved under 

ASSUMPTION A. (i) [b(x)l  -< M/(1 + [xl),  for all x E  R d, 
(ii) X ] ~'12 _~ ~dj=l  aij (X) ~ ~ --< A ] ~-12 for all x, ~ E R d, where 0 < • _< A < oo. 

We will give a probabilistic proof  via coupling of  the following Liouville-type 
result. 

THEOREM 1. Let L satisfy Assumption A .  

(i) I f  O < u E C2(R d) satisfies Lu = 0 in R d, then u = constant. 

(ii) Let D C R d be an exterior domain. I f  0 < u E C2(D) tq C(/3) satisfies 

Lu = 0 in D, then l imlx l~  u(x)  exists (but  may be infinite). 
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In order to implement our coupling, we utilize the following version of Har- 

nack's inequality proved in 1980 by Safanov ([7],[4]). 

HARNACK'S INEQUALITY. Let 

a 02 a 0 
1 ~ aij(X) + ~_a b i ( x )  - -  

L = ~ i,j=l ~ i=1 OXi 

be defined on a bounded domain ~ C R d. Assume that 

d 
#1~'12< ~ aij(x)~.~_<Al~'l 2, f o r a l l x E f ~  and ~ 'ER ~, 

i,j=l 

where 0 < X <__ A < 0% and that llbll~ - s u p x ~  Ib(x)l < oo. Let u E W2'p(fl) sat- 

isfy Lu = 0 and u > 0 in ~2. Then for D C / )  C fl, supo u _< c infD u, where c = 

c (A /X ,  II b II ~ / x ,  O ,n ) .  

A nonprobabilistic proof of part (ii) of Theorem 1 (under the additional assump- 

tion that u satisfy a certain growth condition if d > 3) was given in 1956 by Gil- 

barg and Serrin [3], who relied on Harnack's inequality. They used a version of 

Harnack's inequality proved by Serrin [8], which is weaker than Safanov's version. 

In particular, for d --- 3, the constant c in Serrin's version depended on the mod- 

ulus of continuity of aij. Consequently, Gilbarg and Serrin's theorem required 

that a~j(x) possess a limit as Ixl oo in the case of R d, d >__ 3. They remarked that 

if Harnack's inequality were strengthened, then their result would be strengthened 

accordingly. Part (i) of Theorem 1 (under the additional condition that u be 

bounded if d >__ 3) was stated without proof as a corollary to part (ii). 

Before discussing our coupling technique, we investigate the connection between 

the statements in part (i) and part (ii) of Theorem 1 for general L, irrespective of 

Assumption A. Indeed, we feel that Theorem 2 below is of interest independent 

of the theorem we wish to prove. In the case that L generates a transient diffusion 

we have the following theorem. 

THEOREM 2. Assume  that L generates a transient diffusion and let D be a 

smooth exterior domain. Then there are no nonconstant bounded C2-solutions 

o f  Lu = 0 in R a i f  and only i f  f o r  every bounded u E C2(D) N C ( D )  solving 

Lu = 0 in D and fo r  every sequence {x,l ,%, such that liml.l~oo Ix . t  = ~ and 

lim,.oo Px. (rD < oo ) = 0, the sequence { u (x,)}~=l tends to a limit which is inde- 

pendent  o f  { x ,  },~=1. In particular, i f  limlx I ~ Px( rO < oo ) = O, then there are no 

nonconstant bounded C2-solutions o f  Lu = 0 in R e i f  and only i f  every bounded 

solution u E C2(D) f) C(/ ) )  o f  Lu = 0 in D tends to a limit as Ixl - ,  oo. 



Vol. 74, 1 9 9 1  PROBABILISTIC APPROACH 3 

REMARK. V(X) =-- Px( rD < o0) E C2(R d) and is the smallest positive solution 

of  Lu = 0 in D with u = 1 on 0D. 

In the case that L generates a recurrent diffusion, we have the following well- 

known result. 

PROPOSITION 1. Let L generate a recurrent diffusion. I f  O < u E C2(R d) and 

Lu = 0 in R d, then u = const. 

We now turn to our coupling technique. We introduce the following notation. 

Let fl = C([0,oo),R d) denote the space of continuous functions from [0,oo) to R d 

and let P~ denote the probability measure on fl corresponding to the diffusion 

generated by L and starting from x E R d. Denote trajectories in fl by X( . ) .  De- 

note elements of the product space fl x fl by (X(. ) ,  Y(.)).  We distinguish between 

hitting times for X ( . )  and Y(-) by writing rD(X( . ) )  and rD(Y( ' ) ) .  For a prob- 

ability measure Q on f~ × ~q, let Q~ denote the ith marginal, i = 1,2. The follow- 

ing coupling result holds irrespective of  Assumption A. Similar types of  results 

have been proven elsewhere; see for example [51 and [6]. 

THEOREM 3. (i) Assume that for  each (x ,y )  E R d x R d there exists a proba- 

bility measure Q (x,y) on ~ x f~ such that 

(1) Q(X,y) = Px; 

(2) Q (x'Yl = P /  

(3) Q(X,y)((x(.), Y ( . ) )  E ~ x fl : aSlS2 >- o such that X ( s l  + t) = Y(s2 + t),  for  

allt>_ O) = 1. 

Then every bounded solution u E CZ(R d) o f  Lu = 0 in R d is constant. 

(ii) Let D C R a be an exterior domain and let L generate a recurrent diffusion. 

Assume that for  each e > 0 there exists an n, such that for  each (x ,y)  E R d × R d 

with Ixl >_ n, and [y[ >_ n,, there exists a probabifity measure Q(X.y) on fl × fl 

satisfying 

(1) Q(X,y) = Px; 

(2) Q(2 x'y) = Py; 

(3) Q(x'y)(X(rD(X(. ) )  ) = Y(ro(Y( ' ) ) ) )  -> 1 - e. 

Then limlxl~oou(x ) exists for  every bounded solution u E C2(D) n C( / ) )  of  

Lu = 0 in D. 

Under Assumption A, the coupling of Theorem 3 can be implemented. We have 

THEOREM 4. Let L satisfy Assumption A.  Then 

(i) the coupling in (3)(i) may be achieved, 

(ii) the coupling in (3)(ii) may be achieved. 
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The proof  of  Theorem 4 involves a scaling argument which can be used to give 

an easy proof  of  the following proposition. 

PROPOSmON 2. Let L satisfy Assumption A .  

(i) Let L generate a recurrent diffusion and let D be an exterior domain. Then 

v(x)  = Px(ro < co) satisfies limtxl_~ v(x)  = O. 

(ii) Let L generate a recurrent diffusion, let D be an exterior domain and let 

0 < u E C2(D) N C(/~) satisfy Lu = 0 in D. I f  u is unbounded, then 

l i m l x l ~  u(x)  = oo. 

(iii) Let L generate a transient diffusion and let D be an exterior domain. I f  

0 < U E C 2 ( R  d) satisfies Lu = 0 in R d or  i fO  < u E C 2 ( D )  satisfies Lu = 

0 in D, then u is bounded. 

Theorem l now follows from Theorems 2, 3, and 4 and Propositions 1 and 2. 

In Section 2 we will prove Theorems 2 and 3 and, for the sake of  completeness, 

Proposition 1. The proofs of  Theorem 4 and Proposition 2 are given in Section 3. 

2. Proof of Proposition 1 and Theorems 2 and 3 

PROOF OF PROPOSITION 1. Assume to the contrary that u is not constant. Then 

there exist bounded open sets DI and DE such that SUpx~9l u (x) < infxeo2 u (x).  

Let 792 = inf l t  > 0 : X ( t )  ED21 and rn = inf{t > 0: IX(t)]  = n}. Since Lu = O, 

u ( X ( t ^ 7 D2 ̂  rn) ) is a Px-martingale for each x E R d. Let x0 E DI. Then U ( Xo) = 

ExoU(X(t A to2 ^ zn)). Letting t ~ co gives U(Xo) = ExoU(X(rD2 ^ 7n)). By assump- 

tion, X ( t )  is a recurrent process so Pxo(rD2 < oo) = 1. Thus letting n ~ oo and 

using the positivity of  u, we obtain the contradiction U(Xo) > ExoU(X(rD2)) >- 

infx~D~ u (x).  

PROOF OF THEOREM 2. First assume that for every bounded solution u E 
X oo 

C2(D) f3 C(/3) of Lu = 0 in the exterior domain D and for every sequence { ~ }.=1 

such that lim.~oo [xn I = oo and lim.~oo Pxn (rD < oo) = 0, the sequence {u (xn)}~'=t 

tends to a limit which is independent of  {xn }~°°_-1 • Let u E C2(R a) be bounded and 

satisfy Lu = 0 in R a. We will prove that u is constant. Since u is also a solution of 

the exterior problem, it follows from our assumption that c - limn~oo u (x,)  exists 
X Qo for any sequence { ~l~=t, such that lim,_.oo ]x~] = oo and l i m n ~  Px.(zo < oo) = 0. 

Now v(x)  = Px(rD < oo) satisfies 

lim v ( X ( t ) )  = lim P~( IX(s )  q~ D for some s > t IX(r ) ,  0 <__ r <_ t)  
I ~ o o  l ~ o o  

= 1 {IX(ln)q~D for some sequence t n ~ }  a . s .  Px 
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(see [1, Theorem 9.5.1] ). Thus, by transience, lim,_.o, v (X ( t ) )  = 0 a.s. Px and, 

consequently, limt_~ u(x ( t ) ) )  = c a.s. P~. Since Lu = O, u ( X ( t ) )  is a bounded 

Px-martingale, and we obtain u(x)  = Exu(X( t ) )  = limt~. Exu(X( t ) )  = c, for all 

x E R a. Thus u is constant. 
Conversely, assume that every bounded solution u E C2(R d) of Lu = 0 in R d is 

constant. Let [ x~ 1~=1 satisfy lim~_~ [ x~ I = oo and lim~_~oo P~= (rD < oo ) = 0 and let 

u E C2(D) I"1 C(D)  be a bounded solution of  Lu = 0 in the exterior region D. We 

will show that u (xn) possesses a limit at infinity and that the limit is independent 

of  Ix~l~l .  First extend u in an arbitrary manner so that it is defined on all o f R  a. 

Define 

f l im u ( X ( t ) )  if the limit exists, 
~ ( X (  

l 0 otherwise. 

Since Lu = 0 in D, u ( X ( t  A ZO)) is a bounded Px-martingale for x E D and thus 

it converges a.s. P~ for x E D. From this and the strong Markov property, it fol- 

lows that [ qt[ _< supyeo I u (Y)I a.s. P~ for x E R a. Clearly 'lt is measurable with 

respect to the invariant o-field and thus h (x) = Exqt is bounded and L-harmonic 

[2]. By our assumption, then, h (x) - c. Now define 

~ ( X ( . ) )  = f ~  ~m~u(X(t^  rD)) otherwise.if the limit exists, 

Since u ( X ( t  ^ zo)) converges a.s. Px, for x E D, 1%91 _< supxeo l u(x)l a.s. Px for 

x E D. Furthermore, 

(2.1) u(x)  = Ex%9 = Ex~5~ro=o~ + E~%95~o<o0~, for x E D. 

But "VSc~o=o. ~ = 'lt5¢~o=o. ~. Thus, we have 

c = h(x)  = E~'R = Ex%95~o=o~ + Ex'lt5(~o<oo ~. 

Plugging this into (2.1) gives 

(2.2) u(x)  = c - E~q15(,o<= ) + Ex%95(ro<00). 

Since [ 'It[ and I ~[ are bounded by SUpxeo I u (x)[ a.s. Px for all x G D, and since by 

assumption, limn_~. Pxn(zD < co) = 0, it follows from (2.2) that limn_.~, u(x~) = 

c. This completes the proof  of  the theorem. 
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We now turn to the 

PROOF OF THEOREM 3. We will denote expectations with respect to Px by Ex 
and expectations with respect t o  QX, y by E Q~'y. 

Part (i). Let u E C2(R d) be a bounded solution of Lu = 0 in R d. Then u(X(t))  

is a bounded Px-martingale and thus converges a.s. Px. By the same token, using 

the notation Y(-) for paths in fi, it follows that u(Y(t))  converges a.s. Py. Thus, 

by properties (1) and (2) of  QCX, y), it follows that 

(2.3) (u(X( t ) ) ,u (Y( t ) ) )  converges as t ~  oo a.s. QtX, y), 

(2.4) u(x) = lira Exu(X(t) )  = lim Ee'X")u(X(t)) ,  

(2.5) u(y) = lira Eyu(Y(t)) = lira EQ(X'Y)u(r(t)). 
t ~ O o  t---* CO 

From (2.3), (2.4) and (2.5) and property (3) of  Q(X.y), we conclude that u(x) = 
u(y) .  As x and y are arbitrary, u = constant. 

Part (ii). Fix ~ > 0 and let x,y E D satisfy Ix[ > n~ and lyl > n~. By properties 

(I) and (2) of  Q(X,y), we have 

and 

~,xtdz) = Px(X(,,~) ~ dz) = g<" " (X ( , ,~ (X( . ) ) )  ~ dz) 

~,Adz) = P , (x ( ,D)  ~ dz) = Q<X., ' ( r ( ,o(r ( . ) ) )  ~ dz). 

Since Lu = 0 in D, u(X( t  ^ t o ) )  is a bounded Px-martingale and thus u(x) = 
Exu(X( t  6 t o ) ) .  Letting t ~ oo and using the boundedness of  u and the recur- 

rence of  X( t )  gives u(x) = Exu(X(rD)) = faou(z)lzx(dz). Similarly, u(y) = 
foo u(Z)#y(dz). By property (3), it follows that 

lu(x)-u(y)l = fad u(Z)#x(dz)- fa,9 u(z)#Y(dz) [ <-2e supzeaD I u(z)l .  

3. Proofs of Theorem 4 and Proposition 2 

PROOF OF THEOREM 4, part (i). Let m = (max(Ix01,1y0D + 7 ) v 2 ,  for some 

7 > 0. For X( . )  E fl, define the following stopping times. 

ao = ao(X(')) = inf[ t >_ 0 : IX(t)[  - m ], 

oy = a j (X( . ) )  -- inf[ t  > oi_1 : I X ( t ) l  = m j+l }, j = 1,2 . . . . .  
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It will also be convenient to define the following stopping times: 

~j = r j (X( . ) )  = inf{t _> 0: Ix(t)l = mJ+~l, j = 0,1,2 . . . . .  

Define r.j = {Ix I = rnJ+J }, j = 0,1,2 . . . . .  F o r j  = 0,1,2 . . . .  and Ix[ -< rn j+l, de- 

fine the harmonic measure g~(dz) E (P(Ej) by g~(dz) = Px(X(rj) E dz). 
Our coupling turns on the following 

CZAIM. There exists a constant 0 < c < 1 and for each j  = 0,1,2 . . . .  a proba- 

bility measure pJ E (p(r~j) such that 

#°(dz) >_ cr°(dz), for x = Xo or Y0 

and 

g~(dz) > crJ(dz), for Ix[ = m j, j = 1,2 . . . . .  

We will now use this result to prove the theorem and then return to prove the 

Claim. 

For (X(.) ,  Y(.)) E f l x  fl, we will let t denote the time variable in X( . )  and s 

denote the time variable in Y(.). Let X(t)  and Y(s) run independently starting 

from Xo and Yo, respectively, up until time t = oo(X(.)) and s = oo(Y(')). That is, 

define Q on ~ootX(.)) x 3:ooO.(.)) by Pxo x Pyo" 
The distribution of X(oo(X(.))) under Q or, equivalently, under Pxo, and the 

distribution of Y(oo(r(-))) under Q or, equivalently, under Pyo, are respectively 

i~°xo(dZ) and #°o(dZ). By our Claim, we may write each of these as a convex com- 

bination of probability measures as follows: 

t~°o(dZ) = cv°(dz) + (1 - c) [ (gxo - cv)(dz) ] j '  

#°o(dZ ) = Cl'°(dz) + (1 -- C) [ (gyo -1-cCV)(dz) J]" 

We now describe how to continue the definition of Q starting from t = o0(X(.)) 

and s = oo(Y(')). With probability c, start both X( . )  and Y(.) from the distribu- 

tion ~,°(dz) and couple them, that is, run them so that 

X(~o(X(.))  + r)  = Y(ao(Y(')) + r)  for all r > 0 

and so that X(oo(X(.))  + • ) - P,o. With probability 1 - c, let X( . )  and Y(.) 

continue to run independently with X( . )  starting from X(oo(X(-)))  and Y(.) 

starting from r(.o(Y¢.))) with distributions 
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(l~o - cv)(dz) and (#yo - cv)(dz) 
1 - c  l - c  

respectively. Use this recipe to continue the definition of Q from 

~ao(X(.)) X ~:oo(Y(')) 

To extend the definition of Q from 

~:O.l(X(.)) X ~ol(y(.)) 

up to ~:o~(X(.)) x ~o~(r(.)). 

up t o  ~Y~2(xt-)) X ~o.2(y(.)) 

we proceed as follows. By time t = a~ (X(.)) and s = a~ ( r ( . ) ) ,  X( . )  and Y(.)  are 

already coupled with probability c; continue to run them coupled. With probabil- 

ity 1 - c, X( . )  and Y(.) are still running independently at time t = al (X(.))  and 

s = g~ (Y(.)).  Now the distributions of  X(a~ (X(-))) and Y(a~ (Y(-))), given that 

they are still running independently, are respectively 

and 

~o(dZ) -= f~ z~(dz) (Zxo - cv)(dy) 
o 1--C 

~]o(dZ) - f~ z~,(dz) (~'yo - cv)(dy) 
o 1--C 

By the Claim, ~](dz) > cvl(dz),  for all y ~ Eo. Thus we may write/2xio and/2ylo as 

convex combinations of probability distributions as follows: 

~tlo(dZ) = c v ~ ( d z ) +  ( 1 - c ) [  (/~x19 -- cvl)(dz) ] 
1 - - c  

~tlY°(dz)=cpl(dz)+ ( 1 - c ) [ ( ~ t ) ~ - c v ' ) ( d z ) ]  " l - c  

Thus, as before, with probability c we couple and with probability 1 - c we allow 

the paths to continue independently up till time t = a2(X(.))  and s = a2(Y(')) .  
Continuing inductively, by time t = ak(X( . ) )  and s = ak(Y(.)) ,  the probability 

that paths are coupled is ~=0c (1  - c) j and as k ~ 0% this probability converges 

to one. Clearly, the three properties of Theorem 3(i) are met. 

We now prove the Claim for j >_ 1. The same argument works for j = 0 but the 

notation must be altered to accommodate this case. Fix j > 1 and consider X( t ) ,  

0 <_ t <_ rj under Px I~ with Ixl = m j. Scale the process by a factor of 1/m j. The 

new generator is (1/m2J)Lj, where 
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1 d 02 d Lj= Z a,?(x) + Z0y)(x) 0, 
i=l 

a(J)(x) = a(mYx) and b(J)(x) = mJb(mJx). 

If we let P~ denote the probability measure o n  C([O, co),R d) corresponding to 

the generator ( l / m 2 0 L j  and starting from z E R d, then the measure induced 

by Pxl~J under the scaling is (P~/mJ)I~'o" Let [t~(dz) =/Syi(X(ro) E dz), for 

lYl -< m. With a slight abuse of  notation, let/~xi(d~) and/2yJ(dO) denote the mar- 

ginal distributions of  #~(dz) and [dy(dz) on S d-l. Then, clearly, 

fJ/mJ(d¢~) = #Jx(d(a), for Ixl -< m j + ' .  

Thus to prove the Claim, it suffices to find a uJ(d4~) E 6~(S d-1 ) and c > 0 such 

that/2S(dq~) > c#(dd~), for a l l j  = 1 ,2 , . . .  and lyl = 1. We will show that there 

exists a c > 0 such that for any fixed Yo with l yol -- 1, 

(3.1) f~J(dd~) >_ cfZSo(d~), f o r j  = 1,2 . . . .  and lYl = 1, 

and thus we map pick #(dq~) =/i~o(dq~). 

To prove (3.1), it is enough to show that for all nonnega t ive fE  C~*(S d-I ), all 

j = 1,2 . . . .  and all I Y [ = l,  

tJ (d~)  ~- C fsa_,f(ch)ftJyo(d$), 

for some 0 < c < 1. Let 

uj(y) = fs~-' f(4))t2~(d~), for lYl ~ m. 

By the smoothness assumptions on aij and hi, there exists a solution v i E C 2'ct of  

Lj vj = 0 in I Y l < m with vj = f on I Y[ = m [4]. In fact, then, vj = uj. Now con- 

sider the domains D = [ ~ < Ix I < 3 ] and fl = [ ~ < I xl < m I. The diffusion ma- 

trix aJ(x) satisfies Assumption A(ii) for x E ft. By Assumption A(i), 

mYM 
sup sup IbU)(x)l __ sup sup _ 2M. 

j xEfl j xsa 1 + [xmJ[ 

Thus, by Harnack's inequality, there exists a 0 < c < 1 such that 

uj(y) > cui(yo) for a l l j  = 1,2 . . . .  and y E D. 

This completes the proof  of  the Claim. 
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PROOF OF Tvmo~ , l  4, part (ii). As the proof  is very similar to that of  part (i), 

we just give a sketch of  the proof.  

Fix m such that D ~ C IIxl < ml .  Now fix (xo,Yo) E R d x R d with Ixol, lyol -> 

m and, without loss of  generality, assume that I xol <-- t yol. Let Jo be the positive 

integer satisfying m r° _< Ixol < rn J°+l. 

Let 

ajo = Ojo(X(.)  ) = inf [ t  >_ 0 :  Ig(t)l = m ~ ° } ,  

aj = aj(X( .))  = inf l t  > oj+l : IX(t )}  = mr}, J - - J o -  1 , j o -  2 . . . . .  1. 

Also let 

zj = ~-~(X(.)) = inf[ t  >_ O: [X(t) l  = mrl,  j = l , 2  . . . . .  

and define 

r-r = I l x l - - m i l ,  j = 1,2 . . . . .  

F o r j  = 1,2 . . . . .  Jo, and Ixl -> mr, define the harmonic measure I~(dY) E 6~(r.j) 
by i~Jx(dy) = Px(X(z  i) E dy).  The same proof as in part (i) shows that there exists 

a c > 0, independent o f j o ,  and for e a c h j  = 1,2 . . . .  ,Jo - 1, a measure vJ(dy) E 
6~(r~r) such that 

(3.2) #~(dy) >- cvJ(dz), for Ixl = mr+l and j = 1,2 . . . . .  Jo - 1. 

Now run X ( t )  and Y(s) independently, as in part (i), starting from Xo and Yo re- 

spectively up until t = Ojo_l (X( . ) )  and s = ajo_l ( r ( . ) ) .  By invoking the strong 

Markov property at ajo(X(.) ) and aro(Yt.)) and using (3.2), it follows that we 

may couple X ( . )  and Y(.) after time t = ajo_l(X(.) ) and s = % - 1 ( Y ( ' ) )  with 

probability c. Continuing as in part (i), we find that by time t = al (X( . ) )  and 
~)°-2ct  1 - c) j. s = a~(Y(.)), the probability that X( . )  and Y(.) are coupled is ~'r=0 

Thus property 3 of Theorem 2, part (ii), is satisfied with E = ~7=Jo-~ c(1 - c) j and 

n = m to. 

PROOF OF PROPOSITION 2, part (i). Since Lv = 0 in D, v (X( t  A zD)) is a mar- 

tingale. By the martingale convergence theorem [1], l i m t ~  v ( X ( t  ^ to))  = 
/~o<~(X(.))  a.s. Px. Since the process is transient, it follows that there exists an 

Xo( ' )  E fl such that limt_~ ]Xo(t) I = ~ and 

(3.3) lim v(Xo( t) ) = O. 
l--*Oo 
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Now assume that Proposition 2(i) is false. Then there exists an E > 0 and a sequence 

Ix.1.%1 with lim~o~ Ix l = oo such that v(x~) > e for all n. By (3.3) we may find 

a sequence lY.}~*=1 such that [Y.[ = Ixnl and 

(3.4) lim v ( y . )  = O. 
n ~ o o  

Let m.  = Ix.I = ly.[  and scale space by a factor of  m. .  That is, let v . ( x )  = 

v ( m . x ) ,  at")(x)  = a ( m . x ) ,  b(m(x)  = m . b ( m . x ) ,  and 

d (~2 d 3 
L. = Z a + Z b/") v Oxi" i,j=l OXiOXj i=l 

As in the proof  of  Theorem 4, it follows that L . v .  = 0 in R d and that by Har- 

hack's inequality, there exists a c > 0 independent of  n such that 

(3.5) sup v , (x )  <_ c inf v , (x ) .  
Ixl =1 Ixl =1 

But 

This contradicts (3.5). 

a s  n ~  oo. 

Part (ii). In part (i) we showed by scaling and Harnack's inequality that if 

limn~oo v(yn) = 0, then in fact limlxl_.o~ v(x)  = 0. In the present case, the same 

technique shows that if lim._.o~ u(x~) = oo for some sequence Ix. }.°*_-i satisfying 

lim._.o. Ix.I = 0% then limlxl_.oou(x) = o o .  

Part (iii). Assume to the contrary that u is unbounded. Then the technique of 

parts (i) and (ii) shows that in fact limlxl~oo u(x)  = oo. Consider first the case that 

u satisfies Lu = 0 in R d. Then for each x E R d, u ( X ( t  ^ r . ) )  is a Px-martingale, 

where r .  = inf{ t > 0 : ] X(t)[  = n I. Letting t ~ 0% we have u (x) = Ex u ( X ( r . ) )  _> 

inflyl= . u(y ) ,  and letting n - oo gives u(x)  - oo. Now consider the case Lu = 0 in 

D. Then for each x E D, u ( X ( t  ^ ro 6 r . ) )  is a Px-martingale. Letting t -  oo gives 

u(x )  = E x ( X ( r z ~ ^ r . ) )  --- inf u ( Y ) P x ( r n >  r . ) .  
lYl =n 

By the transience assumption, lim._~oo Px(rn > r .  ) > 0. Thus, letting n ~ oo again 

gives u(x )  - oo. 
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